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We propose an alternative approach called backward transformation for the design of platonic
cloaks, without resorting to in-plane body forces and pre-stresses, which can lead to unphysical
features. It is shown that the Kirchhoff-Love equation for an anisotropic heterogeneous plate is
actually form invariant for a class of transformations with a vanishing Hessian. This formalism is
detailed and numerically validated with three-dimensional simulations in the time domain. Results
published in the literature fall in the class of transformations proposed here.
There has been a growing interest over the past 10
years in the analysis of elastic waves in thin plates in
the metamaterial community with the theoretical pro-
posal [1, 2], and its subsequent experimental validation
[3], of a broadband cylindrical cloak for flexural waves.
A square lattice cloak based on an improved transformed
plate model [4] has been also experimentally validated for
flexural waves [5]. Interestingly, this latter cloak is remi-
niscent of a mechanical lattice cloak designed by a heuris-
tic transform approach, which has been experimentally
validated in an elastostatic case [6].
One of the attractions of metamaterial plates (or pla-
tonics) [7] for the photonics community is that analy-
sis of transverse electromagnetic waves in metamateri-
als can be sometimes translated to surface elastic waves
in structured plates, within a thin plate approximation.
The theory describing the flexural motion of thin homo-
geneous plates is well established and can be found in
classical books, such as [8]. There are some subtleties
in the mathematical analysis, and numerical models, of
the scattering of flexural waves owing to the fourth-order
derivatives involved in the governing equation, versus the
usual second-order derivatives for the wave equation of
optics; even the waves propagating in a perfect plate are
unlike those of the acoustic and electromagnetic wave
equations as they are not dispersionless. Thus numer-
ical computations need to take into account additional
limit conditions compared with second order wave equa-
tions. Moreover, when a plate is anisotropic the govern-
ing equation and limit conditions become more involved
and earlier computations made for the cylindrical pla-
tonic cloak in [1, 2] have been revisited [9, 10]. Fortu-
nately, all computations performed thus far support the
first experimental proof of platonic cloaking by Wegener’s
group in [3]. However, when one moves into the area of
volume elastic waves, governed by the full Navier equa-
tions, it is no longer possible to reduce the analysis to
a single scalar partial differential equation (PDE) as in
the case of flexural waves, as shear and pressure waves
do couple at boundaries. A key issue is that the Navier
equations are generally not form invariant [13], or lead to
a minor-symmetry breaking in the elasticity tensor [14],
and thus the experimental validation of an elastodynamic
cloak remains elusive thus far.
Within the simplified framework of the Kirchhoff-Love
plate theory [8] bending moments and transverse shear
forces are taken into account via a fourth-order PDE for
the out-of-plane plate displacement field. This plate the-
ory is a natural extension of the Helmholtz equation to a
generic model for flexural wave propagation through any
spatially varying thin elastic medium. It offers a very
convenient mathematical model for any physicist wishing
to study flexural waves in plates using earlier knowledge
in photonics or phononics. However, while the Helmholtz
equation can, with appropriate notational and linguis-
tic changes, hold for acoustic, electromagnetic, water or
out-of-plane elastic waves and so encompasses many pos-
sible applications, the Kirchhoff-Love (KL) plate theory
is dedicated to the analysis of flexural waves. Besides,
as already noted, the analogy with models in photon-
ics partially breaks down for anisotropic plates, and this
is not surprising as flexural, also called bending, waves
are fundamentally different in character from compres-
sional acoustic or electromagnetic waves : they model
the lowest frequency waveguide mode for elastic waves
and therefore are dispersive. For these low frequencies,
equivalently thin plates, the phase and group velocities
scale with square root of the frequency and this is re-
flected in the KL equation which is fourth order in space
and second order in time. In the frequency domain and
for an isotropic homogeneous plate the KL equation reads
as
D0∆
2w(x1, x2)− ρHω2w(x1, x2) = 0 (1)
with w(x1, x2) the out-of-plane displacement, H the plate
thickness, ρ its density and D0 its rigidity. In 2009,
Farhat et al. [2] used the theory of acoustic cloaking
developped by Norris[11] to deduce a transformed bihar-
monic equation, which can be interpreted in terms of an
anisotropic rigidity of the form
D = D0FF
TFFT |detF |−1 (2)
with F the gradient of the considered transformation.
However this approach does not take into account the
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2full complexity of flexural waves in anisotropic media
described by a fourth order rigidity tensor. In 2014,
Colquitt et al.[4] corrected the transformed equation by
considering an appropriate anisotropic rigidity and using
again the theory developed in [11]. Especially the lemma
(2.1) therein, was applied twice to account for the fourth
order derivatives in (1). In [4], the Kirchoff Love equation
(1) is mapped onto a von-Karman equation:
Dijklw,ijkl + 2Dijkl,iw,jkl + (Dijkl,ijNkl)w,kl
+Slw,l = hρω
2w , i, j, k, l = 1, 2
(3)
where we use Einstein’s summation convention, the sub-
script , i...l denoting partial derivatives with respect to
space variables xi... xl and
Dikjl = D0FipFjpFkmFlmJ
−1
Nkl = D0(JGklGij,i − JGjlGik,i),j
− D0Gjk(JGil,i),j
Sl = D0[Gjk(JGil,i),j ],k
(4)
with J = detF , Gij = J
−1FipFjp and h = H|detF |−1.
Despite the fact that this result is more suited than the
transformed equation in [1] to describe the full complex
behaviour of flexural wave, we point out that taking
a geometrical transformation equal to the identity (i.e.
F = Id) does not give the expected rigidity of an homo-
geneous anisotropic plate. In fact, if the quantities N and
S are indeed equal to the null tensor 0, the transformed
rigidity tensor does not correspond to an homogeneous
anisotropic rigidity. Indeed, by using Voigt’s notation we
can write the transformed rigidity as:
DId =
D0 D0 0D0 D0 0
0 0 0
 (5)
which is different from the original rigidity tensor. Fur-
thermore the obtained rigidity tensor is not positive defi-
nite, leading to zero energy deformation modes. It seems
to us that there are several solutions to the equation
(Dijklw,kl),ij = D0∆(∆w) for Dijkl and that applying
twice the Lemma 2.1. proposed by Norris in [11] breaks
the initial structure of the equation, leading to the solu-
tion proposed in [4].
In this Letter, we would like to propose a differ-
ent approach called backward (or pullback) transfor-
mation, with a one-to-one correspondence between an
anisotropic heterogeneous Kirchhoff-Love equation, and
an anisotropic heterogeneous von-Karman equation. Fur-
thermore, we shall see that the Kirchhoff-Love equation
is actually form invariant for certain class of transforma-
tions with a vanishing Hessian.
Notations used in this Letter are really similar to those
used in [12] where two configurations are considered, one
for the original space E and one for the transformed space
e, also called the physical space. The geometrical trans-
formation from e to E is denoted by Φ, upper and lower
case are used to distinguish between the domains. We
note F = ∇xX the jacobian of the transformation and
J = detΦ the determinant of the jacobian. U and u de-
scribe the infinitesimal displacements in both domains ,
and likewise for DIJKL and Dijkl the rigidities or P and
ρ the mass densities. All the notations are summarized in
figure 1. To avoid any loss of generality we consider first a
𝐷𝐼𝐽𝐾𝐿(𝑋, 𝑌)
Ρ(𝑋, 𝑌)
𝑈(𝑋, 𝑌)
𝑬
𝑿
𝒀
𝐷𝑖𝑗𝑘𝑙(𝑥, 𝑦)
𝜌(𝑥, 𝑦)
𝑢(𝑥, 𝑦)
𝒆
𝒙
𝒚
𝚽
𝚽−𝟏
Figure 1: Schematic representation of a geometrical trans-
form that maps an anisotropic inhomogeneous propagation
medium onto an other anisotropic inhomogeneous propaga-
tion medium
transformation between two anisotropic inhomogeneous
media where the elements of the rigidity tensors satisfy
the full symmetries. In a second part we will see a con-
crete example of such a transformation. One of the main
ideas in this Letter is to perform a backward transforma-
tion, in the similar way to researchers introduce pull-back
transforms in computational electromagnetism [16]: our
transformation Φ goes from the transformed space to the
original space. This reflects the fact that the transformed
space is generally more complex than the homogeneous
space. We believe that to capture the full complexity
of flexural waves the most complex equation of motion
between the two spaces should be considered. By doing
this we ensure the reciprocity of the transformation.
The total energy density in the transformed space is
E =W + T (6)
where
W =
∫
e
1
2
u,ijDijkl(x)u,kldv and T =
∫
e
1
2
ρ(x)hu˙2dv
(7)
The derivative rules lead to :
u,ij = FIiFJjU,IJ + ΓIijU,I (8)
with ΓIij =
∂2XI
∂xi∂xj
, the Hessian matrix. Hence the en-
ergy density in the initial space reads E0 =W0 +T0 with
W0 =
∫
E
1
2
(U,IJFIiFJj + U,IΓIij)Dijkl(X)
(U,KLFKkFLl + U,KΓKkl) J
−1dV
(9)
and
T0 =
∫
E
1
2
P (X)U˙2J−1dV (10)
3The equations of motion can be derived from the station-
arity conditions of the Lagrangian density L0 =W0−T0.
One obtains :
δW0 =
∫
E
(δU,IJFIiFJj + δU,IΓIij)Dijkl(X)
(U,KLFKkFLl + U,KΓKkl) J
−1dV
(11)
Integrating by parts, we have (omitting the boundary
terms) :
δW0 =
∫
E
δU
(
J−1DijklFIiFJjFKkFLlU,KL
)
,IJ
dV
+
∫
E
δU
(
J−1DijklFIiFJjΓKklU,K
)
,IJ
dV
−
∫
E
δU
(
J−1DijklΓIijFKkFLlU,KL
)
,I
dV
−
∫
E
δU
(
J−1DijklΓIijΓKklU,K
)
,I
dV
(12)
Using the symmetries of Dijkl, one gets
δW0 =
∫
E
δU (−MIJ,IJ −NIJU,IJ + SIU,I) dV (13)
with
MIJ = −DIJKLU,KL
DIJKL = J
−1DijklFIiFJjFKkFLl
NIJ = −
(
J−1Dijkl (2FKiFJjΓIkl − ΓKijFIkFJl)
)
,K
+ J−1DijklΓJijΓIkl
SI =
(
J−1DijklFJiFKjΓIkl
)
,JK(
J−1DijklΓJijΓIkl
)
,J
(14)
The equations of motion in the original space is then
given by
(MIJ),IJ +NIJU,IJ − SIU,I = J−1PhU¨. (15)
Our first observation is that the transformed rigidity ten-
sor verifies the major and minor symmetries as long as
the original tensor does. This will always be the case
in practice as one of the tensors will correspond to the
homogeneous rigidity tensor. However, unlike the result
derived in [4], the transformed equation does not verify
in general the equilibrium equation NIJ,J + SI = 0. To
overcome this obstacle we observe that this equation of
motion can be greatly simplified for geometrical trans-
formations that verify Γ = 0 , i.e. transformations with
a uniform gradient. In this trivial case we have N = 0
and S = 0, leading to an equation of motion identical to
the one in the original space, the equation is then form
invariant. We shall see now illustrative examples of such
a transformation.
We start with the simple case of a 1D transformation
as introduced by [17]. This transformation compresses
a slab of size R0 onto a slab of thickness Rint and ex-
tend a slab of thickness Rext − R0 onto a slab of thick-
ness Rext−Rint (see figure 2), creating two homogeneous
anisotropic materials. In this case we consider an infinite
plate in the dimension not affected by the transforma-
tion.
Let us treat the case of the transformation for the ma-
𝑿𝟏
𝑿𝟐
𝒙𝟏
𝒙𝟐
𝟎 𝑹𝟎 𝑹𝒆𝒙𝒕 𝒆
𝟎 𝑹𝟎 𝑹𝒆𝒙𝒕𝑹𝒊𝒏𝒕
Figure 2: Geometrical transformation introduced in [18]. A
slab is compressed and the other is extended simultaneously,
creating two anisotropic homogeneous materials. Each color
corresponds to a different material.
terial I. The associated geometrical transformation is
:
Φ−1I :
(
X1
X2
)
→
(
x1 =
Rint
R0
X1
x2 = X2
)
(16)
Looking at Hessian Γ we have :
ΓIij =
∂2XI
∂xi∂xj
= 0 ∀I, i, j = 1, 2. (17)
Thus the only quantity to determine is the rigidity tensor
Dijkl, using equation 14 and the Voigt’s convention we
have:
DI =
 D0
R3int
R30
νD0
Rint
R0
0
νD0
Rint
R0
D0
R0
Rint
0
0 0 1−ν2 D0
Rint
R0
 (18)
where ν is the Poisson ratio.
If we consider the case Rint = R0, i.e. a transformation
equal to the identity, the rigidity tensor becomes:
DI =
 D0 νD0 0νD0 D0 0
0 0 1−ν2 D0
 = Dhom. (19)
Another example of such an invariant transformation
is introduced by Li et al.[18]. This transformation sends
a small notch of size 2 to a diamond cloak made of 4 dif-
ferent anisotropic homogeneous materials (see figure 3).
As an example we will treat the case of the transfor-
mation for the material II. The associated geometrical
transformation is (considering  small in comparison to
all other characteristic length):
Φ−1II :
(
X1
X2
)
→
(
x1 =
b
X1
x2 =
d−e
d X2 − eX1 + e
)
(20)
4𝑿𝟏
𝑿𝟐
𝒙𝟏
𝒙𝟐
(𝟎, 𝟎)
𝑰𝑰 𝑰𝑰𝑰
𝑰𝑽
Figure 3: Geometrical transformation introduced in [18]. A
small segment of size 2 is sent onto a quadrilateral, creating
four anisotropic homogeneous materials. Each color corre-
sponds to a different material.
Looking at the Hessian Γ we note that :
ΓIij =
∂2XI
∂xi∂xj
= 0 ∀I, i, j = 1, 2. (21)
Thus the only quantity to be determined is the rigidity
tensor Dijkl. Using equation 14 and the Voigt convention
we find:
DII11 =
b3dD0
3(d−e)
DII12 = D
II
21 =
bD0(d
2e2+ν2(d−e)2)
3d(d−e)
DII13 = D
II
31 = − b
2dD0e
3(d−e)
DII22 =
D0(
2d2−22de+2e2+d2e2)2
3bd3(d−e)
DII23 = D
II
32 = −D0e(
2d2−22de+2e2+d2e2)
3d(d−e)
DII33 = − bD0(−
2d2+22de−2e2−2d2e2+2d2ν−22deν+2e2ν)
23d(d−e)
(22)
Once more, if we consider the case b =  and e = 0,
i.e. a transformation equal to the identity, the rigidity
tensor corresponds as it should to the original tensor
associated with a homogeneous anisotropic plate as in
equation 19. We implement these coefficients in the solid
mechanics module of the finite element package comsol
multiphysics 5.3. We consider a full elastic 3D medium
and performed a temporal simulation. The medium of
propagation in the solid mechanics module is defined
but the elasticity tensor Cijkl that is not provided with
our theory. However, using the definition of the bending
stiffness Dαβ =
∫ h
−h x
2
3Cαβdx3 (where the voigt notation
is used) we can express most of the components of the
elasticity tensor. The remaining components are chosen
in order to minimize the coupling between the vertical
and the horizontal displacements (C13 = C23 = 0).
This is probably not the optimal approximation and the
following numerical results (fig 4) may be improved with
a better conversion from the rigidity to the elasticity
tensor. However, we stress that these results have
been obtained from full 3D temporal simulations, and
similar results were not reported before to the best of
our knowledge. The signal sent is a Ricker pulse with
a center frequency fc = 5000 Hz. It is worth noticing
that the wavefront is well distorted into the cloak, and
t =
 0
.6
 m
s
t =
 0
.8
5 
m
s
t =
 1
.2
 m
s
Displacement field, Z component
0.6- 0.6 0
Figure 4: Numerical results showing the propagation of a
plane wave in a plate through anisotropic materials obtained
via the geometrical transformation introduced in figure 3. We
display here the vertical component of the displacements. Left
panel : homogeneous plate with a hole. Right panel : plate
with the same hole cloaked.
exits as a quasi perfect plane wave. However, it is
also noticeable that a visible amount of the energy is
scattered backward. This point remains under study and
can be attributed to the approximation C13 = C23 = 0.
However, using a full 3D numerical model associated
with time domain simulations, our results demonstrate
the ultra broad band nature of the designed cloak while
former studies rather focus on monochromatic signals.
Finally, we would like to revisit the case of a cylin-
drical platonic cloak and show how our approach is in
accordance with the literature. In [9], a linear cylindri-
cal transformation is used to obtain numerical results.
The Hessian of this linear transformation is governed by
the term ∂∂R (
R
r ) with r =
Rext−Rint
Rext
R + Rint and is not
equal to zero. However, we observe that the value of the
Hessian coefficient gets closer to 0 when Rext  Rint,
which is an assumption made in [9]. Thus, by assuming
Rext  Rint the authors increased the efficiency of their
cloak by reducing the values of the Hessian coefficients
of the transformation they considered.
In [19], the authors show how one can improve the ef-
ficiency of a cylindrical platonic cloak by considering
a non linear transformation. The authors consider the
KL equation for a plate of varying thickness, which is
reminiscent of some directional cloak designed in a plate
structured with a forest of rods of varying heights [20].
5Provided that Rext'Rint we point out that the Hessian
coefficients of the non linear transformation tend to be
smaller than the coefficients of the linear transformation
provided that Rext is not very large in comparison to
Rint. An interesting result is that the coefficients of the
non linear transformation tend to be larger than those of
the linear transformation when Rext  Rint. The com-
parison of the coefficients is shown on figure 5 for two
ratios between Rext and Rint. It appears that depending
on the ratio between these parameters, a linear transfor-
mation can be actually more effective than a non linear
one.
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Figure 5: Comparison of the variations of the Hessian coeffi-
cient ΓRrr of linear [1–3, 9] and non linear[19] transformations
for a ratio Rint
Rext
= 2 (left panel) and close to zero (right panel).
In conclusion, making use of a backward transforma-
tion in the tensorial Kirchhoff-Love equation, we manage
to capture the full complexity of the behavior of the flexu-
ral waves. Doing so preserve the reciprocity of the trans-
formation when applied to an anisotropic plate. This is
unlike what has been done in earlier papers [1, 2, 4, 9],
where a forward transform was applied to a Kichhoff-
Love equation in a homogeneous isotropic plate. The
transformed plate model of [4] improves those from [1, 2]
thanks to identification of some in-plane body forces and
pre-stress in an anisotropic heterogeneous von-Karmann
equation. However some vanishing eigenvalues of the
rigidity tensor remain hard to interpret physically. Fur-
thermore we show that for some class of transformations
with a vanishing Hessian Γ, the Kirchoff Love equation
can be considered form invariant. The simplified plate
equation derived in [9] under the assumptionRext  Rint
is naturally retrieved in our framework, as well as the im-
provement observed in [19] between a linear and a non
linear transformation. In this Letter we focus on a trivial
class of transformations that verify the form invariance
of the Kirchoff-Love equation. However, any transforma-
tion fulfilling the condition N = 0 and S = 0 would make
the Kirchhoff-Love equation form invariant.
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